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Abstract 



A double-trace deforniation is the simplest perturbation of a con- 

formal field theory that has a gravity dual. In this paper we review the 

Oj' existing results for the case in which the deforniation is composed from 

D \ a scalar operator, and extend them to the case of a spinor operator. In 

y^, ■ particular we check the validity of the c-conjecture along the RG flow 

induced by the deformation, using both Cardy's c-function and the 
recent proposal by Myers and Sinha of a c-function from entanglement 
^ \ entropy. 

S ! 1 Introduction 

L». , An interesting way of perturbing a confornial field theory is to add the 

f^ \ integral of a local operator to the confornial action. A particularly simple 

choice of perturbation, in the framework of the holographic correspondence, 
is to add the square of an operator O which is dual to a fundamental field 
k><( \ in the gravity theory. 

;h ' This kind of perturbation is called double trace deformation and it has 

■ been extensively studied on both sides of the duality, at least in the case in 

which the operator is a scalar operator. It has been shown [I] [2] [3] [Ij that the 
dual operation of perturbing the confornial field theory is to appropriately 
change the boundary conditions imposed on bulk fields. The two point 
function of the operator O in the perturbed field theory has been shown 
[2] [3] to agree at leading ordeio in A^ on both sides of the duality, and 
the renormalization group flow induced by the perturbation has been given 
a geometric description on the gravity side [3]. In fact, if the confornial 



^The large A'^ limit and the associated factorization of correlation functions are crucial 
in simplifying the effects of the perturbation. 



dimension A of the operator O is less then d/2, the operator O^ is relevanio, 
and it triggers a renormahzation group flow away from the conformal point, 
which can be shown to end on another conformal point, where the operator 
has dimension d — A > d/2. It has also been possible to compute the 
difference in central charge between these two conformal field theories, and 
the same result has been obtained from both sides of the duality. The change 
turned out to be negative, in support of Cardy's c-conjecture [6] [5] [7]. 

The aim of this paper is to extend these results to the case of a spinor 
field. In doing so we will find convenient to review some of the results 
obtained for the scalar field, and to discuss and clarify the way in which 
the perturbation is dualized as a change in the boundary conditions on the 
fields. 

The paper is organized as follows. In the next section we will discuss the 
issue of boundary conditions, and show how the two point function of the 
operator O can be obtained from both sides of the duality. We will review 
the known results on the scalar field and extend them to the spinor field. 

In the following section we will discuss the c-conjecture. We will review 
Cardy's proposal for the c-function as well as the proposal in [8| for con- 
structing a c-function from the entanglement entropy that is meaningful in 
any (even and odd) dimensions. We will show how both kinds of c-functions 
can be computed from holography, and we will compute the difference in 
their value between the two conformal points connected by the RG flow in- 
duced by the double trace deformation. We will carry out the holographic 
computation for both the scalar field and the spinor field, and, in even di- 
mension we will compute the same quantity also by conformal field theory 
methods. 

Note added: While our work was being completed, the paper [9] ap- 
peared, and we found some overlap between the results contained in there 
and our treatment of the boundary conditions as discussed in Section 2. 

2 Double trace deformations and boundary con- 
ditions 

Usually, boundary conditions on the fields in the gravity theory are imposed 
by hand. The pure conformal field theory corresponds to either Dirichlet 
boundary conditions or mixed boundary condition with a specific value of 
the coefficient. Displacing this coefficient by a certain amount is dual to 



^Because of the large A'' limit, the dimensions of operators are additive, so that the 
dimension of O^ is 2A. 



introducing the double trace deformation, and then one has to carefully 
renormalize the coefficient and the boundary value of the field [3j. All in all, 
the prescription is somewhat involved, especially the renormalization step. 
It turns out that things are much more transparent if the fields are 
left free to vary, and the boundary conditions are imposed through the 
variational principle by adding appropriate boundary terms to the action. 
In fact, the form of these boundary terms has a direct connection to the 
form of the double trace deformation, and it is easily generalized to more 
complicated perturbations. Also, the renormalization is introduced in a 
more uniform way. Part of this approach was also introduced in [9], but our 
treatment of the case A > dj2 is substantially different. 

2.1 Scalar Field 

Let us now quickly review the properties of the two point function of the 
scalar operator O as computed with CFT methods. Then we will show 
how the same result arises from the gravity theory, by imposing appropriate 
boundary conditions through the variational principle. 

2.1.1 The field theory side 

Let ( ) c denote the expectation value in the perturbed CFT 

and let A be the conformal dimension of the operator O . By introducing a 
Hubbard-Stratonovich auxiliary field and exploiting the large N limit, one 
can obtain the two point functioiu[7] 

If A < djl this form of the correlation function has a nice interpretation 
from the renormalization group point of view. It displays how the relevant 
operator O^ added to the conformal action starts a renormalization group 
fiow away from the conformal point, which ends on another conformal point, 
where the operator has dimension d — A > d/2. In fact, at high energy, we 
have 

'0{k)0\q)^ ~ {2T^Yb{k - q)^^-'^ , 



^The operator O is normalized so that {0{x)0{y))^^^ — ,."'"_ .^^ where j4(A) — 
(47r)''/22-2Ar(rf/2 - A)/r(A) 



as one would expect from an operator of dimension A, whereas, at low 
energy, 



0{k)0\q)\ ^ {2T:f 5{k-q) 



1 _fc^ 



that is, in position space, 

{0{x)0{y))f 



pA{d-A) Ix-ypC'^-A) 



as is appropriate for an operator of dimension d — A. 

This derivation of the correlation function still works when A > d/2, but 
this is an artifact of the large A^ approximation. In fact, in this case, the 
perturbation is irrelevant, and it means that the CFT is at the end point of 
some RG flow. However, the RG flow is irreversible, there are many high 
energy theories that can flow to the same IR effective field theory (CFT + 
irrelevant operators). To be able to follow backwards the flow additional 
information is needed that is not obtainable from the IR CFT, because the 
irrelevant operator will couple to other unspecified operators, turning on a 
beta function for them. The large A^ approximation discards the coupling of 
O to other operators, and gives the illusion of being able to follow backwards 
the RG fiow. 

2.1.2 The gravity side 

Now let us review how the gravity theory can yield the same physics. The 
correlation function can be obtained from the generating functional 



W[J, f] = log (e^ d^xl- loHx)+Jix)Oix)] 



Both the perturbation fO^ and the source term JO can be considered 
perturbations of the conformal fixed point, so let us at first focus to the case 
in which they are zero, and the theory is purely conformal. Then the dual 
geometry will be pure AdS space, for which we choose Poincare coordinate^ 






Here we set the AdS radius L = 1. 



The gravity theory must contain a scalar field (j), dual to the scalar 
operator O, and an appropriate action for the scalar field iqj 



SM 



dr / drx y/g 



-y^d, 



^,^^u(P + -jTU 



2 i2 



+ 



'd 
+ '2 



^jjd''xe-''^<p\e,x), 



where 



m'^ + 



d^ 



As usual, since the metric is singular at r = 0, it is necessary to cut off 
spacetime at r = e. Eventually we will take the limit e — >• 0, with appro- 
priate renormalization of some quantities. The boundary term, often called 
holographic renormalization term, is necessary to have conformal invariance 
in the dual theorjo. In fact, when it is not present, the on-shell action does 
not have a good e — )• limit, and, at the quantum level, the fluctuations of 
the field backreact on the metric, causing a deviation from AdS geometrjUJ. 

Now we can introduce the perturbations fO^ and JO. This breaks 
conformal invariance, and consequently the geometry changes. However, 
since the dimension of O will turn out to be 



A = A_ = 



d 



V < 



d 



both perturbations are relevant, they become negligible in the u.v. limit, 
and we can still assume asymptotic AdS geometry. The perturbations are in- 
troduced as additional boundary terms in the action, so that the generating 
functional is 



W^[JJ] = log J [V<P]e-^-^'^^''f^ , 



where 



S4<P,JJ] = So[^] + I d'^x (Ae-^-)' ^(/>'(e,x) - Xe-^-J{x)<P{e,x) 



^ Since we are interested in the two-point function, we may limit ourselves to the study 
of a quadratic action. 

^This is sufficient when f G [0, 1]. To extend to a wider range of masses additional 
holographic renormalization counterterms are needed. 
More on this in the section about the c-conjecture. 



and where the minus sign in the subscript reminds that this functional yields 
correlators of an operator with dimension A_. Later we will discuss how to 
obtain a conformal dimension greater than d/2. 

The factors of e~ are renormalization factors, needed to have a good 
e — 7- limit, and the factor A is a finite renormalization factor needed to 
exactly reproduce the field theory result. It is interesting to note that the 
same factor renormalizes (p in both terms. Apart from these renormalization 
issues, the way in which the perturbations of the conformal field theory are 
introduced is very transparent, and it is easily generalized to more compli- 
cated perturbations. 

We use the saddle point approximation in evaluating the path integral, 
which amounts to disregarding subleading corrections in the large N limit. 
We have 

l^_[J,/] = -min 5_[,/.,J,/] . 

We want to extremize S-. Let us first look at the variation of Sq. We 
have 



d X e 7T{e,x)64>{e,x) , 
where 

The variation of the other terms is easy to compute and, putting all 
terms together we have 

5_ [0 + 5^, J, /] - 5_ [4>, JJ] = I dr d'^x ^ [e.o.m.] 54>+ 

+ / d'^xe''^\-TT{e,x) + X^e'^''f^{e,x)-Xe'^^''Jix)\6(l)ie,x) . 



Then the field configuration (pj that extremizes the action is the one that 
satisfies 

\ -7rj(e,x) + AVV0j(e,x) = Xel+''J{x) , 
so that 

w4J,f] = -s4ci>j,j,f]. 



Now we could compute explicitly the on shell action S- [(pj , J, f], by 
substituting the solution of the equations of motion. However, since we are 
mainly interested in the correlation function 



{0{x)0{y)) 



6^W- 



f 



6J{x)6J{y) 



j=o 



we will vary the sources first, and substitute later. Let us look at the varia- 
tion of W- when J changes: 



W.[J + 6J,f]-W4JJ] 



s44>j+sj,J + sjj] + s4(i)j,jj] 

d'^xAe-i+>j(e,x)(5J(x) , 



where we have used the fact that the action is at a stationary point with 
respect to variations of <j). Then we have 



{0{x)0{y)) 



f 



^^-i+u S(l)j{e,x) 



5J{y) 



,7=0 



To proceed further we need the small r behavior of the solution (/>j, so 
let us look at the equations of motion near the boundary 

[-r'^dl + {d- l)rdr - r^d'^ + rr?\ </.(r, x) = . 

We can expand in plane waves in the transverse directions and find that 
the solution has the following small r behavior 



^j(r,k)^ Aj{k) {kr)2~'' - a {kr)2+'' 



for r — )• , 



where the constant a is fixed by the requirement that the solution be regular 
in the interior of space. For example, in the case of pure AdS geometry, we 
havfH 

Substituting the expansion in the definition of vr we have 



7rj(r, k) ~ Aj{k) -2au{kr)2+'' 



for r — )• 



It is important that a > for the Green's function to be positive. In the case of 
pure AdS, a is positive for i^ G [0, 1], which is the range we are considering. It would be 
interesting to investigate more in general the conditions under which the Green's function 
is positive. 



The solution that satisfies the boundary condition is then easily obtained 



and we have 

6(l)j{e,k) 



0{k)0\q)^ ={2^Y\e-i 



f ' ' SJ{q) 



j=o 



i2.rs(k-,)- ^ni-°(tey^i 



A2/ [1 - a(fe)^1 + 2azyA;2'^ ' 

Setting A = ^/lav and taking the e — t- limit, we recover the field theory 
result with A = A_ 

0{k)0\^)) ^ = {2.)H(k-^) ^ ^l_^^_ . 

How can the previous approach extend to operators of confornial dimen- 
sion greater than (i/2? First of all we remark that this is meaningful only 
when / = 0, otherwise we would be following backwards in the RG an irrel- 
evant perturbatioro. Then we notice that the most naive approach would 
be to just send v — )• —v. However it is easy to see that in this case the terms 
that were suppressed in the e — )• limit would become leading, yielding a 
trivial correlation function. What we have to do is to keep z^ > and add a 
new boundary term to the action, so that the generating functional becomes 

I¥+[J] = - log / \D(\)\ e-^+[<^-^l ~ min 5+[(/), J] , 

where 

S+[(/>, J,/] =5o[0] + / d'^x [e-'^7r(e,x)(/)(e,x) + Ae-'^+J(x)7r(e,x) 



Varying this action we have 

5+ [0 + <5(/), J] - 5+ [0, J] = / dr A^x ^ [e.o.m.] (5(/.+ 



+ / A^xe 



(e, x) + Ae2 ^J{x) 57r(e, x) . 



^As with the field theory computation, it is formally possible to make the perturbation 
/ work even when A > d/2, by adding a tt^ term to the action, but we stress that this is 
an artifact of the large TV limit. 



The field configuration that extremizes the action is the one that satisfies 
r [-g''''D^D,+m^]^j{r,x)=0 

Using the same approach as before we have 



(OWO(.)), = A.-i-^^ 



J=0 



and 



Taking the e — )■ limit and setting A = {2ai')^^''^ we recover the field 

d 
2 



theory result with A = -^ + u and / = 



2.2 Spinor field 

We will now show how the results of the previous section extend to the case 
of a spinor field. 

2.2.1 The field theory side 

Consider a conformal field theory containing a spinor field x of dimension 
A. The partition function of the perturbed theory is 



Z[7^,f];f] = Zo{e~^^^+'>^+^^) 



CFT 



where ( )^p,^ denotes the expectation value in the unperturbed field theory, 
and where we used the short hand notatiorrj 



Xr]= d'^xy/hix) x{x)r]{x) 



We want to compute this partition function exploiting the large N limit, 
by the same trick used in [7] for the scalar field. We introduce a couple of 
auxiliary, Grassmann- valued fields a, a, and we have 



Z[rj,fj;f]=Zoj[Va][Va](^e' 



T-fxx+vx+xv\ 

I CFT 



^hvs, the fixed background metric on which the field theory lives. 



The partition function is rescaled by an overall factor that does not 
depend on / or rj. Now we make the shift 

and we have 

Z[r], 7)- f] = Zo f [Va] [Va] /e^''+'~n+^^)x+x{v+^'^) \ 

J \ I CFT 

Now we use the fact that, for large iV, 

/qVX+XV\ r^ ^vGr) 



where G denotes the convolution with {xx) 



CFT 



{Ga){x) = j dS (x(x)x(2/)>cPT^(2/)- 
Then we have 



Z[7],fi;f]^Zol[Va][Va]e' 



Now we make the shift 

v7G J]G_ 

and we get 

Z[r?, f?; /] = Zo I {Va\ [Vo] /(i+/^)-+^i^'' 
= Zodet(l + /G)e''A'' . 

From this, taking derivatives with respect to the sources, we have 

G 

{xix)xiy))f = ^ ^ rQ ^ix - y) . 

On flat space we have 

1 7 • (x - y) 



(x(a;)x(y))( 



B(A)|x-y|2^+i ' 



10 



and we choose the normahzation factor to be 

BiA) = (4.)^/22-ArW2-A + l/2) 

^ ^ ^ ^ r(A + i/2) 

Then the operator G is diagonal in the basis of momentum eigenstates 

G{k, q) = {2TTf5{k - q)i-f ■ k k^^-'^ , 

where k = k/\k\, and we have 

1 



{Xikmq))f = {27rr5ik-q) 



f-ij-k fe-^-^A 



If A < d/2 this correlation function can again be interpreted in terms of 
renormalization group flow from a conformal point in which the operator x 
has dimension A to a conformal point in which the operator x has dimension 
d-A. 

2.2.2 The gravity side 

In the gravity theory, the operator x is dual to a spinor field ip. The action 
for the spinor field that is dual to a pure conformal field theory i a^H 



oo 



,1 



\[lp-Ip]-m 



J 2 ^^ !''■=£ 

Also in this case, the holographic renormalization term is necessary to 
have a good e — )• limit [TU] . This action will yield correlators of an 
operator with dimension 

A = A_=d/2-m<d/2 , 

later we will show how to obtain a conformal dimension larger than d/2. 

When we introduce perturbations, i.e. we want to obtain the generating 
functional 



W[r,,fiJ] = log Z[ri,f\ J] =log/e/'i'^[-^^^+*'^+^^l\ 



/ CFT 



"'^'^This action is valid for m G [0, 1/2]. To extend to a wider range of masses additional 
holographic renormalization counterterms are needed. 
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we need to add some boundary terms to the action. We have 

W.[r], fi,f]= log [[Vij] [D^] e-S-I'^.'^.''.^'/] :^ - min5_[^,^,r?,r?, /] , 
J w 

witiQ 

S_ [^, r?, /] = Sm + j d'^x [{\e-^- ff^ - Ae"^" (# + i^r,)] . 

We want to extremize this action, so let us first look at the variation of 
the action Sq 



Soiip + Sil^] - So[tp] = I drd'^x 5^($ - m)^ + ^{-ip - m)# 



+ 



d'^xe '^ \5'4}{£^x)T:{e,x) +Ti{e,x)5il){£^x)\ , 



where 



7r(r, x) = — e' 



<5So 



5[drip{r, x)] 



P+ip, 7r(r,x) 



5So 



5[dr4'{''',x)] 



i;P_ 



and 



R 






i±Y 



Varying the action S_ we have 

S- [tp + dtp, T]] — S- [tp, rj] = e.o.m. 

+ / d'^x£-'^5ij{£,x) \TT{£,x) + Xh'^"'ftP{e,x) - Aei+'"r/(x) 



+ / d^'xe 



d^^-d 



Tt{e, x) + A^e^"/V'(e, x) - Ae2+'"f/(x) #(e, x) 



The field configuration ^^, ^^ that extremizes the action is the one that 
satisfies 

(ip — mj 'ip^{r, x) = 

7r^(e,x) + X^e^'^fi^nie^x) = Aei+"r?(x) , 
and a similar set of equations for tp. 



From now on we will not write explicitly the dependence on the conjugate fields. 
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Varying the on-shell action S- with respect to rj and using the fact that 
the action is stationary for variations of tp and ip we get 



{xix)x{y)) 



6^W 



/ 



5r}{y)5rj{x) 



Xe 2 



(5r/(y) 



To proceed further we need at least the asymptotic behavior for sniah r 
of the solution to the equation of motion 



(l^-rri]tl; = 



or, in coordinates 



Y ( rd, 



+ r^ ■ d — m 



ip{r,x) 



. 



To reduce clutter we will use the exact analytic solution in pure AdS 
space, instead of just the asymptotic behavior, but it is understood that the 
results do not rely on the assumption of having pure AdS background. 

It is easy to check by substitution that the most general solution to the 
equations of motion is 



^p{r, k) = (kr) 2 



.^^-1 



(kr) 



K„,^{kr)ij-k A{k) 



where A{k) is a constant spinor that satisfies 

Y'A{k) = A{k) . 
Imposing the boundary conditions we have 



i)n{r,k) =Ae2- 



d+l 



K^_i{kr) - K i{kr) ij ■ k 



K^^iM + A2£2™/ [i^^_i (fee) - K^^ike) ^ • k 



V{k) , 



and hence 



(x(fc)x(g)>/=(2vrmA:-(z)AV-x 



Km^iike) 



Kn+l 



(ke) i^ • k 



i^™_i(fce) + A2e2m/ 



Km- like) 



K^^^{ke) ij-k 
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To take the e — t- limit we need the asymptotic expansion of the modified 
Bessel function: 

In the range m G [0, 1/2] the leading contributions come from the terms 
{ke)~"^~2 and {ke)"''^^, so that, after some manipulations we have 



and, upon setting 



™~2 1,2m 



k'^^i-l -k + X^f 



A 






the field theory result is recovered with A = A_. 

To obtain a conformal dimension greater than d/2 we have to add a 
boundary term to the action, that is, we have to consider 

W+[r],f],f] = -\ogj[V^] [Vi,] e-^+['^''^''''^'/l :^min5+[V',V5,r/,^,/] , 

where 



S+[^,ri\ = Sq[^]- / d'^xe '^ ['n:{e,x)ip{e,x) + ip{e,x)T:{e,x)\ 
+ / d'^xXe^ + [fi{x)'K{£,x) + Tt{e,x)ri{x)\ . 



Varying the action 5"+ we have 

S'+[^ + 5ip,rj\ — 5*+ [■(/', r/] = e.o.m. 

+ / dV-'^(5t(e,x) \-ij{e,x)+e'^'^'"'ri{x) 

+ I d^xe-"^ \-^{e,x) + £'^/^~"'fi{x)\ 5Tr{e,x) . 



The field configuration ip^, tp^ that extremizes the action is the one that 
satisfies 

ilp — mj ■ipjj{r, x) =0 

ip,n{s,x) = A£2"'"ry(x) . 
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Varying the sources we have 

and the solution that satisfies the boundary conditions has 
. /r\^ K^ likr) 

^^^ K^_i_{ke) - K^^i_{ke) i^ ■ k 
so that 



dxtu „\\2,-2m 



{x{kmq))f = -{'^^TS{k-q)\'e 



K^_i{ke)-K^^.^{ke)tj-k 
Taking the e — )■ hmit we have 



\dxn^ „^\2 



and, upon setting 






V "—I 

we recover the field theory result for A = d/2 + m, / = 0. 

3 The c-conjecture 

We will now review some results on the holographic c-conjecture. According 
to Zamolodchikov's famous c-theorem [13], in a two dimensional field theory 
there exists a function of all the possible couplings that is monotonically de- 
creasing along the trajectories of the renormalization group flow. Moreover, 
at the fixed points of the RG, where the theory is conformal, the value of 
this function coincides with the central charge of the CFT. 

In another famous paper [6] Cardy conjectured that the same may be 
true for higher dimensional field theories, and proposed the following form 
for the functiorri 






^^The coefficient a^ is a normafization factor. It is fixed by tfie requirement tliat, for a 
single free massless scalar field, c = 1, in any dimension. In particular, with our definition 
of the stress energy tensor, a free massless scalar field in two dimensions has (T,^) = —j^ 
and hence a2 = 3. 
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where the field theory is supposed to five on an euchdean spherical back- 
ground S'^, with round metric h and where T is the stress energy tensor of 
the field theory. 

In two dimensions, Cardy's definition reduces to Zamolodchikov's c- 
function, but his definition is interesting also in higher dimensions. In 
fact, in even-dimensional conformal field theories, the conformal symme- 
try is anomalous, and hence the c-function can take a non-trivial (non-zero) 
value at a fixed point of the RCcj. Moreover Cardy gives evidence that the 
c-function may be monotonically decreasing along the RG trajectoriedlj ■ 
For odd dimensional conformal field theories, instead, there is no conformal 
anomaly, and the c-function is just zero at every fixed point. 

More recently, another possible definition of a c-function that works in 
any dimension and reduces to Zamolodchikov's definition in two dimensions 
has been proposed [8]. According to this proposal, one has to put the field 
theory on the spacetime M x S , i.e. choose the boundary metriccj 

h = - dt"^ + R^ dQd-i 

and compute the entanglement entropy in the ground state of half the sphere. 
A certain subleading universal contribution to this entanglement entropy, 
which we will discuss later, is conjectured to be decreasing along the trajec- 
tories of the RG-flo4il|. 

The renormalization group flow induced by double trace deformations 
is a case in which the c-conjecture and the various proposals of c- functions 
can be tested. In the case of perturbation by a scalar operator, it has been 
possible to compute the change in the value of Cardy's c-function between 
the two end points of the flow, by both holographic [5j and CFT [7J methods, 
showing that it is negative. 

In the following we will show how to compute the c-function from the 
holographic principle, review the results on the scalar field and extend them 
to the spinor field. We will show that the c-function is decreasing, in any 
dimension, for both the scalar and the spinor field. In addition, we will show 
that the same results can obtained, in even dimension, by CFT methods. 



^* Often people still give to this value of c the name of central charge, even when dimen- 
sionality is higher than two. 

^^ Recently a counterexample has been found _14j in 4 dimensions, in which this c- 
function increases. This probably means that the c-theorem in higher dimensions holds 
only under more stringent conditions than in two dimensions. 

In this paper d always refers to the total number of dimensions of the boundary field 
theory. 

^^At least under some suitable conditions, to exclude the counterexample [14| . 
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3.1 Cardy's c- function from holography 

Let us briefly review how the holographic computation of Cardy's c-function 
can be accomplished [l5][3]. The partition function Z of the field theory 
can be computed from the dual gravity theory, following the holographic 
principle. 

In a semiclassical approach in which the metric is treated classically and 
the matter content is given a full quantum treatment, we can write the 
gravity action aa^^l 

5grb] = j^ j dr j d'x^i-n + lA + WTTGVig]) , 

where r is the holographic direction, the boundary being at r = e, and where 
V is the effective potential 



I drj d'^x^ V[g] = - log y [^0] 



f^-S[<t>,g] 



where cj) represents the matter content of the theory. 

Then — log Z is given by the on-shell value of the gravity action, with 
the boundary condition that, at r = e, the transverse part of the metric 
coincides with the background metric h of the dual field theory 

£^gij{e,x) = hij{x) . 

In general, the matter content can act as a source for the gravitational 
field in an arbitrarily complicated way, but, for certain choices of the mat- 
ter action, the AdS geometry turns out to be an extremum of V[g]. This 
is the case, in particular, for the actions discussed before, when both the 
perturbation and the source term are set to zero. In these particular cases, 
if 2A + IdirGV < 0, the geometry that extremizes the entire gravity action 
is the AdS geometry, and hence the dual field theory is a conformal field 
theory in its ground state. 

Adding a double trace deformation to the dual field theory breaks confor- 
mal invariance and triggers a renormalization group flow. Correspondingly, 



^® Since we are in euclidean space, curvature must come with the negative sign, because 
the Wick rotation of the Minkowski action has to be consistent with what is conventionally 
done with the matter action |16] . 

^^The effective potential y is a divergent quantity, but its divergences are proportional 
to geometric quantities, and can be absorbed in the renormalization of the correspondent 
terms in the gravity action This usually brings about higher derivatives terms, but here 
we will stick to Einstein's gravity. 
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in the gravity theory, adding a boundary term to the matter action yields 
an effective potential that is not extremized by AdS geometry. As a conse- 
quence, also the geometry that extremizes the entire gravity action deviates 
from pure AdS. If one could compute the new geometry, as a function of 
the renormalized parameter /, he could have a full geometric picture of the 
RG flow. In particular, he could obtain c(/), and explicitly check that it 
is monotonously decreasing. However, this program is probably too ambi- 
tious. What is possible to do is to compare the end points of the RG flow, 
i.e. compute the change in quantities when the matter action changes from 
the A_ action to the A+ action. 

In particular, we are interested in computing the change in the value of 
c between the two conformal points, so we want the boundary metric to be 
the spherical metric 

h = R'^ dfll . 

Then we have 



«!_,_, „,.,./a^.^^_l_,_,„,;„ 



that is 



d''x2hij{x)^,/h{^{r^{x)) , 



(-1)-^ aaR-^i- log Z) . 



The metric that solves Einstein's equations with the given boundary 
conditions is the metric of AdS space in hyperbolic coordinateCj, 

where 

Clearly the scalar curvature 7^ of the AdS metric is constant, and we 
have 

-n + 2A + IGttGV = %, . 



"'in this section of the paper, we find convenient to write exphcitly the AdS radius. 
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The on-shell action then is 



'°«^ = ^-*l = l6^lJ/"*/<''-^^ 



2R 



1 ^^ '^ ,, I ,a, ^ (i ^^'" 



16ttG le ^ ' 

-' 2R 



where S^ is the surface of the d-sphere. 

The integrand contains negative powers of r, and the integral is clearly 
not finite in the limit of e — >• 0. The action needs to be regularized by adding 
some e-dependent boundary counter terma^^l. The dependence on R is only 
in the integration limit, in the form eL/R. After regularization and the 
e — 7- limit, this dependence must drop, except for a possible term log R/L, 
that could come from integrating the term proportional to 1/r. Such a term 
is present only for even d. Explicitly, in even d, the R dependent term is 

and hence 

/^\ Td-l 






-2^ 

where S^ is the surface of the d-sphere. In particular, in two dimension, this 
reproduces the well known result |17) 

3L 

When the effective potential changes by an amount 

^V = V+-V- , 

the relative change in central charge is 

Ac , , AL d-l levrGAy 

{d-iy 



n^ 



c ' ' L 2 2A + 16ttGV 

2d N^ 2d 



It can be shown that this can be done in a fully covariant way [15] . 
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where we have discarded quantities of higher order ir^^' 

levrG 1 



3.2 Entanglement entropy c-function from holography 

According to the proposal of [8j, we choose the boundary metric to bCj 

h = - dt"^ + R^ dQd-i , 

and the metric that satisfies Einstein equations with negative cosmological 
constant and this boundary condition is 

We want to compute the entanglement entropy of half the sphere. This is 
proportional to the area of the minimal surface in the bulk whose boundary 
is the equator of the sphere [l_8j. The minimal surface is clearly the disk 
that cuts the AdS space in two. The metric induced on this surface is 

and its area is 

, 2R 

A= I "^ dr I d'^-^x^/k 



I e 

We are then instructed to discard all the contributions that are power 
divergent when e — t- 0. When d is odd the result is finite, when d is even 
there is still a divergence proportional to loge. The proposed c function is 
the finite term in the first case, and the coefficient that multiplies log e in the 
second. It is apparent that the computation is identical, modulo an overall 
positive constant, to the one for Cardy's c-function, but this proposal also 
gives a meaning to the constant term that appears when d is odd. Since the 
area A is proportional to L'^~^, exactly as Cardy's c function, we find that 
the c-function constructed from the entanglement entropy also changes as 

Ac 1 L'^+^AV 



c Af2 2(i ' 
for any d. 

^^This expression for N is true in J\f — 4 SYM theory. The coefficient may change in 
other theories with gravity duals. 

^''in this paper, d will always refer to the total number of dimensions of the boundary 
field theory. 



20 



3.3 Change in central charge from holography - scalar field 

Let us now review how the change in the effective potential can be computed 
for the case of a scalar field |5J. According to our definition we hava^ I 

I dr d'x^g y = - log I m e- ^ '^ '"^^ ^ [ W)^+f^<Al . 

Since we are computing a density, we are free to use any coordinates we 
prefer to parametrize the space, even if they don't cover the whole space. 
Using Poincare coordinates 



L 



2 I d 



„2 I \ ^ aJ2 



— I dr^ + 2^ dx • 






is the most convenient choice. 

We are interested in computing the difference 

/W = V+-V- . 

Computing V directly is difficult, it is much easier to compute the derivative 
of V with respect to rm?. At the Breitenlohner-Freedman bound m? = —(P /A 
the two asymptotic behaviors (j) ~ r =■= of the fields become identical, and 
it can be argued [5j that also the respective potentials become equal. Then 
we have 

^2 



/m 



where 



Ar(^^)^ ^^^ 






d{m? 



m=ii 



d(?n,2) 



m=fj. 



Taking the derivative with respect to m? of both sides of the equation 
defining V we have 



^*Here we use a quadratic action, i.e. we compute the effective potential at one loop. 
Moreover, for brevity we drop the boundary terms in the action. However, they still 
control the boundary conditions on the fields, and this will become important later in the 
derivation. 
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that iS 

where G is the propagator of the theory. Its computation is reported in the 
appendix, it has the form 

n I \ ^'^' /" ^'^^ ik-(x-v) f . J±uiujr)J±^{u}s) 

Then we have 

dV+ 1 f d'^k 1 



d(m2) 2L<^+^ J (2'kY 1 + A:2 



,d-l 



dw w'*"V^(w)^ , 



where we have rescaled the integration variables appropriately. Both inte- 
grals can be done exactly in dimensional regularization, and we have 

dy+ I ,. ._d+i_fl-d\ r(f + zy) 






dim?) 2L^+i ^ ' \ 2 J T{l-^ + v)' 

Now we subtract the expression with v — )• —v and set d = integer — 2e. 
The divergent contributions cancel and we obtain a finite expression for 
AV^m?'). After a few manipulations we get 



d-2 
2 



^'^'<'"'' = - 2(d-l)!E.L^->. -n(y--)(i' 



for even d and 



d-l 

2 



AF V^) = - ,(,_i)^^^^.,x tan(..) n (^ - ^ - -) (^ - ^ + -) 

for odd d. 

Now we should integrate in rn^ from the Breitenlohner-Preedman bound 
z/ = 0. However, here we are mainly interested in showing that Ay < 0, 
and this is already evident. In fact, at z^ = 0, /W < 0, and the first zero of 
/SV' is at V = 1. Therefore, at least for ^ < u < 1, that is 

d , d+2 d-2 , d 

- < A+ < , < A_ < - , 

2 + - 2 ' 2 - 2 ' 

we have /SV < 0. 



Because of the symmetry of AdS space, the effective potential does not depend on r, 

X. 
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3.4 Change in central charge from holography - spinor field 

Now we will carry out a similar computation for the spinor field. In this 
case the relation between V- and V+ is quite explicit. When the sources are 
turned off, we have 



S+[ip,ip,m] = S-[ilj,ip,m] — / d'^xe '^ [7r{e,x)^{e,x) + ilj{e,x)Tr{e,x)] , 

and it is easy to check that 

£'+['(/', ^, m] = S'_['(/',^T^ —?7i] . 

Since the fields are integrated over, we have 

V+{m) = V-{—m) , 

and we are interested in the difference between the effective potentials. We 
have: 

AV{m) = V+{m) - V-im) = / d/x Ay'(/i) , 

Jo 



where 



AV'{fi) = ^-[V+{m)-V+im)] 



m=ii 



dW 



dm 



+ 



dV^ 



m=fi 



dm 



m=—ii 



According to our definition, we havg^^l 

/ drd^x^ V+[g] = - log /" [V^V^P] e"/ ^rd'^x^^ip-^)^ 
Taking the derivative with respect to m of both sides we have 



dV+ 
dm 



■— (^'tp{r,x)ip{r,x)) = — Tr [(^ip{r,x)'ip{r,x))~\ 
-Tr [G(r, x; r, rr)] , 



L 



^^Also here, for shortness, we dropped the boundary terms in the action. They will play 
an important role later when we will discuss the boundary conditions, but no role in the 
present derivation. 



23 



where G is the propagator of the field theory. The computation of the 
propagator is reported in the appendix, it has the form 

d+l d+1 , 

G(r,x;.,,) = -Il^|A_e^H.-.)^ du. . x 

Therefore, rescahng the integration variables appropriately we have 
dV+ dim7 f d'^k 1 p , . , . , , 

where dim 7 is the dimension of the representation of the Clifford algebra. 
Both integrals can be done exactly, to get 

dV+ _ dimj d+i fl-d\r{^ + m) 



dm L^' 






Now we add the expression with m — )• —m, set d = integer — 2e, the 
divergent contributions cancel and we obtain a finite expression for AV'{m). 
After a few manipulations we get 



AV'{m) 
for even d and 



d 

dim7 A / 1 \ f '^ \ 



d-1 

dim 7 



AV'{m) = -7JZri)lT^l/+^ cot(7rm)m JJ (p - m) (p + m) 

for odd d. 

From this expression it is already manifest that AV is negative. In fact, 
at 7TT. = 0, AV' < 0, and the first zero of AV' is at m = 1/2. Therefore, at 
least for < m, < 1/2, that is 

d d+l d-1 d 

2 + - 2 ' 2 - 2 ' 

we have AV < 0. 

For comparison with the CFT computation of the change in central 

charge, table [H reports the value of 

Ac 1 L'^+^AV 



c N^ 2d 
for the first few even dimensions. 
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N'^Ac/c 



2567r3 



, m m 

167r V 3 



3 / 40 o 16 . 

1287r2 V 27 45 



m 



1036 , 112 . 



675 



225 



64 

1575' 



-m 



Table 1: Relative change in central charge as computed from the gravity 
theory. 

3.5 Change in central charge from CFT methods - spinor 
field 

Let us now see how the same results can be obtained directly from the 
conformal field theory (we follow closely [7]). According to our large N 
computation of the partition function we have 



Z[/] = Zodet(l + /G) 



where 



Now, according to Cardy's proposal for the c-function: 
c{f) -c{0) = {-1)1 R^{- log Z[f]) 



-1)^ 



-i?Aiogdet(l + /G) 



where the i?- dependence comes from the operator G. 

In order to compute the determinant we will diagonalize G and obtain 
eigenvalues and degeneracies. The simplest conformal field theory with a 
spinor field is the free Dirac field, and we assume that G has the same 
symmetry properties of the Green's function of the Dirac operator. Hence, 
since the space is compact, the spectrum is discrete. Since the operator is 
antihermitian, the eigenvalues are pure imaginary numbers, and we assume 
that they come in conjugate pairs Hgn- With this information, and defining 
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M^^' (n) to be the degeneracy of each eigenspace, we have 



c(/)-c(0) = (-l)2 



d 



^7^E^^'^Hl°g[l + (/5" 



Computing the c-function for generic / presents difficulties of the same 
degree as the corresponding holographic computation. We will do what is 
possible and consider the limit of this expression for / — t- oo. This amounts 
to compute the difference in the central charge between the end points of 
the RG flow: 

(-l)tAc = - hm /?A VM('^)(n)log(/g„)2 . 

f—^oo OK ^ — ' 

The term proportional to log/ in this expression does not depend on 
R or A, and therefore does not survivCj the derivative with respect to R. 
Then we have 

d 



(-l)2Ac=-2i?— ^AfW(n)log5„ 



dR 

n 

To proceed further we need an explicit expression for the spectrum of G 
and the degeneracies. Their computation is reported in the appendix, they 
have the form 

,d-2A r(n + A + i) 



QnOcR 



r(n + d-A + i) ' 
n + d-1)! 



Af<^)(,.)=di,„. ^,^^_^|, , 

where dim 7 is the dimension of the representation of the Clifford algebra. 
Since our starting point, the unperturbed CFT, must have A < d/2, let 



us set A 



m. We have to compute 



d 



(-l)2Ac = -2i?^^M('^)(n)log 



n=0 



R 



2„^r(n + ^ 



m] 



r n + 



d+l 



+ m) 



The sum is divergent, and needs to be regulated. In general, there will 
be two contributions to the logarithmic derivative RdR jTj. One will come 
from the term log-R explicitly present: 

00 
(-l)iAci = -4m^M('^)(n) , 

n=0 



""This can be checked explicitly later when a regulated sum is introduced. 
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the other from the term in the sum 

n=0 \ 2 I 

that is logarithmically divergent. In fact, any regulator will refer to some 
fixed energy scale A, so that such divergent contribution to the sum would 
be proportional to log iZA, and give a finite contribution to the logarithmic 
derivative. We will use zeta function regularization and a couple of words 
must be spent on how to extract either contributions from this regulator. 
By means of an appropriate shifto of n and using some relations between 
special functions, we will cast the sums in the form 

oo d—\ 

Aci = yyy^ar^'' 

fc=0 r=0 

^ oo oo 

fc=0 r=0 

The first one will be evaluated with the zeta function. 



Aci = '^arC,{- 



r=0 

In the second one, the derivative with respect to K extracts the coefficient 
of logAi?. When using the zeta function regularization, this coefficient is 
the coefficient that multiplies Yjk in the sum, i.e. hd- In the following we 
will keep the derivative Rd^ with this meaning of an operator extracting 
the appropriate coefficient from the series. 

Let us now show how to carry out what outlined above. We have 






where '^{z) = T'{z)/T(z) is the digamma function. We will use the following 
asymptotic expansion 



i;iz)=\og{z) + J2Ci- 



-s)z-"'^ 



s=0 



It is crucial that the shift be the same for both sums. 
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and the duplication relation 



^ 



1 

z + - 
2 



2V'(2z) -^(z)- 2 log 2 . 



For d even we can set n = k — d/2, and we have 
(-)l Aci = -4m Y, M^"^^ (k " -) 



'' A 



fc=0 

oo 



fc=0 ^ ^ 



m 



2p+l 



oo 

g(2^TT) 



.V-(^^) (fc + \ 



where the sum can start from A; = and not from k = d/2 because M^"^' [k — 
d/2) is zero for all the additional terms. The summand in ci is already a 
polynomial in k. We can use the asymptotic expansion of ip to express also 
Ac2 as a power series in k. Then we have to compute Aci with the zeta 
function regularization and to extract the coefficient that multiplies 1/k in 
the series for Ac2- This is best done with the aid of the computer. Table 
[2] reports the results for the first few dimensions, in agreement with the 
results from the gravity theory reported in table [1] up to an overall positive 
constant. 



d 


Ac 




f 4 3\ 
— m m 

V 3 ; 




2 






3 / 40 3 16 A 




4 


"sT"^" ^^"J 




6 


5 / 1036 .. 112 . 


64 ^\ 
1575 J 


32 V"" 675 "" ' 15 "" 



Table 2: Change in central charge as computed from the conformal field 
theory. 



In odd dimensions we set n = k — (d + l)/2, and we have 



(_)f Aci = -4mf;MW (k - ^±i] 



k=0 

oo 



d + l\4^ m*+l 



fc=0 ^ ^ p=0 



(2p + l)! 



-0(2^) (k) 
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In this case, as expected, we find each contribution to vanish. The 
contribution of the hnear term in m can easily be shown to vanish. In fact, 
if we expand 



\ / ,, — n 



then 



and 



r=0 
d-1 



Aci = —Amy ^ arC{~ 



r=0 



r) oo d—1 

^ Ac2 =AR-—m ^ J] ar/c> {k) 



logik) + J2a-s)k-'~' 



s=0 



dR 

fc=0 r=0 
n OO d—1 

= 4R^:—m y^ y^ Qrk"^ 
dR ^^^ 

k=0 r=0 
d-1 

= 4my^arC{—r) . 

r=0 

The coefficients of the higher powers of m also turn out to be zero, due 
to nontrivial cancellations in the expansion in k. It may be possible to give 
a general argument that shows this is true in any dimension, but we think 
this would add little understanding, and we were content of checking that 
the coefficients vanish for the first few dimensions. 



4 Conclusion 

Let us summarize the content of this paper 

• We have discussed how to impose the boundary conditions on the fields 
of the gravity theory. We have shown that the appropriate boundary 
conditions arise in a very natural way from the variational principle, 
if the appropriate boundary terms are added to the action. In this 
framework, the gravity action that is dual to a pure conformal field 
theory is not just the naive action, but needs to be complemented by 
an holographic renormalization boundary term. This term, besides 
being important for having a finite on-shell action, is also important 
in the determination of the boundary conditions. Perturbations of the 
conformal field theory like double trace deformations or source terms 
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can then be introduced by adding additional boundary terms, whose 
form exactly matches the form of the CFT perturbation. 

• We have reviewed the c-conjecture, both Cardy's proposal and the 
recent proposal in [8] of a c-function from entanglement entropy that 
is meaningful in any dimensions. In even dimensions, when both c- 
functions can constructed, we have shown that they coincide, at least 
from their holographic construction. 

• We have verified that, for this proposal of c function, the c-conjecture 
holds along the RG flow induced by a double trace deformation, at least 
in the sense that the difference in central charge between the end point 
and the start point of the flow is negative. This result was already 
known for the case of a double trace deformation by a scalar operator. 
We have shown that it also holds for a spinor operator, and we have 
computed the difference in central charge from both holographic and 
CFT methods, finding that the two results agree. 
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5 Appendix 

5.1 Computation of the propagator for the scalar field on 
AdS space 

The propagator is defined by 

(7T7 \ 
-gfiuD^Di, + jj j G{r, x; s, y) = 5{r - s)5'^{x - y) , 

or, more explicitly, 

Td-l 

^^ [-r'^dl + {d- l)rdr - rV^ + m^] G{r, x; s, y) = 5{r - s)5^{x - y) . 
Rescaling the propagator as 

d d 

r'i-s'2 
G{r,x;s,y) = jj-^D{r,x;s,y) , 
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and expanding in plane waves in the transverse directions 
D{r, X- s,y)=l ^^e'^^-v) D{t, s; k) , 

the equation becomes 

-dl --dr + % + k^\ D{r, s; k) = -5{r - s) . 

Now we want to expand in eigenfunctions of the differential operator, 
and we have 

1 1/2 \ 

Now the question of the boundary conditions on fields becomes impor- 
tant, in order to choose the sign on u. If we use the A-|_ action, then the 
field must go to zero approaching the boundary. Since J-u{r) diverges as 
r — ;• 0, this implies that we have to expand over Jy. If we use the A_ action, 
then we want 

TT = rdr - - + 1' (p 

to go to zero. Taking into account the fact that we rescaled the fields, it 
is not difficult to see that this forces us to expand over J-u. This means 
that we can just compute for the A_|_ case, the A_ case will be obtained by 
simply sending u ^ —ly. 

Then let us then expancO over J,y: 



D{r,s;k)= / doj ui Ju{u}r)D{w,s;k) 

and, using the completeness relation 

do; u) Jy{ojr)Jy{ujs) = -5(r — s) , 
s 



we have 
that is 



{u + k )D{u, s; k) = J,y{oJs) , 
Ji,{^r)Ju{ujs) 



D{r, s;k) = / duj 



CO- 



+ k^ 



^®The extra cj factor is the weight with respect to which the Bessel functions are or- 
thonormal 
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and hence 



G(r,x;.,,) = p/A^e-(^-)/d.. 



Jy{ijjr)Jy{ujs) 



uj- 



+ A;2 



5.2 Computation of the propagator for the spinor field on 
AdS space 

The propagator is defined by 
/ in \ 

^v~t) ^^^' ^' '^' ^'^ ^ '^'-^ ~ ^'*'^*-^ ~ ^^ ' 

or, more exphcitly 



1/ 



^■Ma.-|)+.^«-" 



G{r, xs, y) = 5{r — s)5{x — y) 



Let us now rescale the propagator and expand in plane waves 

d+l d+1 

r 2 s 2 
G{r,x;s,y) = -. D{r,x;s,y) , 



D{r,x;s,y) 






Then we have 



Ir r 



JH^-y)D{r,s-k) . 



D(r, s; k) = —5{r — s) . 



Now let us consider all the projections of this equation over the eigenspaces 
of Y ■ We have 

± (o^ + i^^^") Z)±± + ij ■ kD^± = pj-5{r - s) 

1/2 =F m' 
±{dr+ ' 1 Z)±^ + il ■ kD^^ = , 



where 
and 



D{r, s; k) = PaDapir, s; k)Pi3 , a, f3 £ {+, -} , 

i±Y 
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Solving the homogeneous equations for D |_ and D^ and substituting 

in the inhomogeneous we get 

D |^(r, s; k) = P^ ij • k P+ -5{r — s) , 

s 



D_l (r, s; k) = P+ i'j ■ k P_ —5{r — s) . 



The differential operator on the left hand side is hermitian, so we would 
like to expand in its eigenfunctions. In fact we have 



d^ + -dr - 


(m + 1/2)2 
r2 


-fc2 


dl + Ur - 

r 


(m - 1/2)2 
r2 


-fc2 



d; + -dr 
r 



J±y{ijjr) = -u?J±i,{u:r) 



and the Bessel functions J^{ujr) are orthonormal and complete 

OO 1 

da; CO Ji,{ujr)J,y{ujs) = -Sir — s) . 
s 

At this point boundary conditions become important, in order to un- 
derstand what sign of v to choose for each equation. Looking again at the 
variation of the A i action we have: 



6S+ = e.o.m. 



d'^x^P+di) + 5'4)P-'4) 



So we have to impose the following boundary conditions 

P-tj) = 0, i)P+ = , 

and this leads to the requirement 

lim D ^(r, s; k) = lim D ^{r, s;k) = 0. 

Therefore we have to use the expansion 

/•OD 

D^+{r,s;k) = / duj uj D^+(uj,s;k)J^^i{ujr) , 
Jo 2 

whereas the opposite choice of using J_^_i would give a divergent r — )■ 
limit. 

On the other hand, there are no conditions to be imposed on D^ , and 

both expansions can be used. We choose to expand over J _i, because it 

m 2 
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leads to slightly more symmetric expressions, but the same results could be 
obtained by expanding over J_„_(,i 

D^^{r,s;k)= / dcj cj Z?_|__(cj, s; A;)J^_i (wr) . 
Jo ^ 

Substituting the expansion in the equations we get 

D-+{r,s;k) = - J dujuj ^2 + ^2 Jrn+ii^nJ^^{uJs) , 

f°° P4- i7 • k P- 

D+^{r,s;k) = - J dojuj —^j—^J^_^i{ujr)J^^i{uJs) . 

Now we can substitute in the homogeneous equations and get an expres- 
sion for -D++ and D as well. The final form of the propagator is 



J™-l('^'')P+ + J„+l('^r)P_ 



uj + i^ ■ k ' 



UJ^ 



P+J^,Aujs)+P^J^_Aus) 



5.3 Computation of the spectrum of the spinor two point 
function on the sphere 

Since the theory is supposed to be Weyl invariant, i.e. invariant upon the 
simultaneous transformation 

h{x) -^ h'{x) = e^(^)/i(x) 
X{x) ^ x'(x) = e-'^^^^hix) 
Xix) ^ x'ix) = e-^-(-)x(x) , 

we can obtain an expression for the two point function 

G{e,9') = {x{9Me'))^^^ 

on the sphere by operating a Weyl transformation on the flat space result. 
Consider the flat metric in polar coordinates 

h^d = dr^ + r^dil^_i , 
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Using the stereographic projection from the south pole, r = i?tan ^, we 
can show that the flat metric is conformally equivalent to the metric on the 
sphere 

V = 7 — ^—-^R^dej + sin^ eddnl_,) = - — ^—-^ hs, . 

(2C0S2 2) (2C0S2 2) 

Up to an irrelevant overall normalization factor, the correlation function 
in flat space is 

ixixMO)) Ed = |^|2A+1 • 

Going to polar coordinates and then to the projective coordinates we 
have 

/ ra n \-tn n\\ j'^ COS 9^-1 + Y~^ sin Od-i COS ed-2 + ■■ ■ 

Rtan^j 

and, performing the Weyl rescaling, we can obtain the correlator on the 
sphere 

/ fa n \-fn n\\ Y cosOd-i + j'^'^ smed-icosed-2 + ■ ■ ■ 
{x{&d,^d-i)x{0,0))s'i = ; rjK ■ 



(2Rsm^^ 
In particular we will need the result on the principal meridian 0,d-i = 



G{e) ^ 



(2iisin|)'^ ■ 

We assume that G is diagonal if expanded over the eigenfunctions of the 
Dirac operator Ip^ > on the sphera^^l 

Ip^'^=l' f^^ + ^-t^^) +-^^(^-1); ^W =0 . 
\oOd 2 / smOd 

The eigenfunctions are known |19], let us quickly review their properties. 
They are labeled by two set of quantum numbers 

n = {ni, . . . , n^} , < ni < n2 < . . . < n^ , 

a = {cri,...,o-rf} , Gi G {-1,1} , 



""For the moment we will work on a sphere of unit radius 
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and they satisfy 

They can be constructed by recursion: 

/I 

\/2tts 




where 

nniW=(^cos-j l^sm-j P„l^ (cos0), 

'^-n«W= (cos- 1 (sm- 1 P„l^ (cos0), 

and where P„ ' are the Jacobi polynomials. With this construction not all 
values of the quantum numbers a label different eigenfunctions. In fact, for 
i < d/2, a-2i = ±1 labels the same eigenfunction. This has to be kept in 
mind when computing the degeneracy of an energy level. 
The normalization is fixed by requiring 

df^,V^t)t(f}rf)V^(t)(f^,) = i, 

and we have 



(rf)_ y/T{n-l + l)T{d + n + l) 
'"' 2ir(f+n) 

Now we can write explicitly the expansion of G over the eigenfunctions: 

where the factor R^'^ is necessary because the eigenfunctions Vo-n are nor- 
malized on the unit sphere. 

In order to get a simple expression, we let 6'^ = 0, ^'^_i = ^d-i = 0, i.e. 
we take the second point to be the north pole of the sphere and the first 
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point to lie on the principal meridian. In this case, with some tedious work, 
it can be shown that 

x4(ci'^jo)'sin^ pir-'\cos9) dj'''^^ (1) , 

where 'Sd is the volume of the d-sphere of unit radius, and hence 
G{9) = G{e,0;0,0) 

n=0 '^ ^ 

Now we can extract the eigenvalues gn by exploiting the orthogonality 
relation of the Jacobi polynomials 

dx (1 - xni + x)''Pt^''\x)Pt'\x) = <5„„x 



la+b+l 



r(n + a + l)r(n + 6+l) 



2n + a + 6 + 1 r(n + l)r(n + a + b + 1) 
so that we have 



s<^-i^' r ...1 ^2,i-i ^-^Gix)<i4-i) 



where x = cos^ and by G{x)/j we mean the coefficient that multiplies 7° 
inG. 

Explicitly 

ffn « — TT^IT^ / dx (1 - x2)2-l(l - x)2-M^'^ ^\x) , 



where we have dropped an overall prefactor that does not depend on n 
or R. Such factor only amounts to a change in the normalization of the 
operator and can be ignored. Or, from an alternative point of view, when 
computing the central charge, this factor would produce an additive constant 
that would not survive the derivative with respect to R. The integral can 
be done exactly, and the n- and R -dependent part of the result is 

„ ^„d-2A r(n + A + l) 



r(n + d-A + i; 
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The degeneracy of each eigenvalue can be obtained from the constraints 
on the quantum numbers of the eigenfunctions: 
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